Abstract. We obtain asymptotics of sequences of the holomorphic sections of the pluricanonical bundles on ball quotients associated to closed geodesics. A nonvanishing result follows.
Introduction
Let n ∈ N and let Γ be a cocompact discrete subgroup of SU(n, 1) that acts freely on the unit ball B n in C n . We consider the ball with the invariant Bergman metric. Let k ≥ 2 be an integer. Suppose γ ∈ Γ, γ = id, is such that all of its eigenvalues are real, and moreover, the endpoints of the γ-invariant geodesicC on ∂B n are also real. We describe a construction of a holomorphic section of the k-th tensor power of the canonical bundle on B n /Γ that is associated to the closed geodesic C =C/ γ in B n /Γ, we determine the k → ∞ asymptotics of the norm of this section, and we conclude that the norm is not zero for large k (Theorem 3.3, Corollary 3.4).
Associating sections of vector bundles to submanifolds can be done in different ways, for a variety of purposes. See, for this kind of ideas applied to ball quotients and geodesic cycles [KuM, TW] , and also [BPU, FK1, FK2, Ka, KaM] . Another frequently used approach is associating a section of a line bundle on a compact Kähler manifold to a compact Lagrangian submanifold. See, in particular, references [BPU, BGW, DP, JW, P] and the papers [F1, F2] by T. Foth (T. Barron). In our setting described above, for n > 1, C is an isotropic submanifold of B n /Γ, but not a Lagrangian submanifold. In subsection 3.2 we explain more carefully how our main theorem fits into the general context.
Preliminaries
In this section we collect standard facts, for which the references are [G, Kr, R, S, Z] . Let z 1 ,..., z n be the complex coordinates on C n , z j = x j + iy j (x j , y j ∈ R, j = 1, ..., n). The Hermitian symmetric space SU(n, 1)/S(U(n) × U(1)) is isomorphic to the unit ball
The group SU(n, 1) acts on B n by fractionallinear transformations. We will use the same letter to denote a matrix from SU(n, 1) and the corresponding automorphism of the ball. For A = (a jk ) ∈ SU(n, 1) the corresponding biholomorphism B n → B n is the mapping
, ..., a n1 z 1 + ... + a nn z n + a n,n+1 a n+1,1 z 1 + ... + a n+1,n z n + a n+1,n+1
.
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The complex Jacobian of the transformation A at z ∈ B n is
The group SU(n, 1) also acts on ∂B n = {(z 1 , ..., z n ) ∈ C n | |z 1 | 2 +...+|z n | 2 = 1}, by fractionallinear transformations.
For two vectors u, v in C n+1 denote
For z, w ∈ B n denote z, w = z 1w1 + ... + z nwn − 1 and denote by ρ(z, w) the distance between z and w with respect to the complex hyperbolic metric. Note that cosh 2 ρ(z, w) 2 = z, w w, z z, z w, w .
Let g be a loxodromic element of SU(n, 1) (i.e. g has exactly two fixed points in B n ∪ ∂B n , these two fixed points will necessarily be on ∂B n ). We will call g hyperbolic if all of its eigenvalues are real. Denote the n + 1 eigenvalues of g by α j , 1 ≤ j ≤ n + 1. Let α n and α n+1 be the eigenvalues for the eigenvectors of g that correspond to the fixed points X, Y ∈ ∂B n , respectively. Then α n+1 = 1 α n , and, without loss of generality, |α n | > 1. Each of the eigenvalues α 1 ,...,α n−1 is either 1 or −1. If both 1 and −1 occur among the eigenvalues, then the ordering is assumed to be so that α 1 = ... = α 2l = −1 and α 2l+1 = ... = α n−1 = 1 for l between 1 and n − 1.
So, the vectors X 1 and Y 1 are eigenvectors of g for α n and α n+1 respectively. Let v 1 ,...,v n−1 be the eigenvectors of g corresponding to α 1 ,...,α n−1 , such that v j which are the eigenvectors for the eigenvalue −1 form an orthonormal basis (with respect to ., . ) in their linear span, and v j which are the eigenvectors for the eigenvalue 1 form an orthonormal basis (with respect to ., . ) in their linear span. For each j ∈ {1, ...., n − 1} the vector v j is orthogonal to X 1 and is orthogonal to Y 1 (with respect to ., . ). If v j is an eigenvector for eigenvalue 1 and v r is an eigenvalue for eigenvalue −1, then v j , v r = 0. We also have: X, X = 0, Y, Y = 0, X, Y = 0. The matrix
is in SU(n, 1). The corresponding automorphism of B n ∪ ∂B n maps (0, ..., 0, 1) to X, maps (0, ..., 0, −1) to Y . LetC 0 be the geodesic in B n that connects (0, ...0, −1) and (0, ..., 0, 1):
The transformation A g mapsC 0 to the geodesic connecting X and Y . Also A
The Euclidean volume form on B n is
The Bergman kernel for B n is
It has the reproducing property:
n , for all functions f that are holomorphic on B n and such that
Also K(z, w) = K(w, z) for z, w ∈ B n , and
for z, w ∈ B n , A ∈ SU(n, 1). The Kähler form i∂∂ log K(z, z) and the volume form
on B n are SU(n, 1)-invariant. Let k be a positive integer. The reproducing kernel for the Hilbert space of holomorphic functions on B n satisfying
. The reproducing property is, for any such function f :
Using the Stirling formula (see e.g. [dB] ), we get:
3. Asymptotics 3.1. The setting and the main result. Let Γ be a discrete subgroup of SU(n, 1) such that M = Γ\B n is smooth and compact. Then all elements of Γ are loxodromic. Assume that Γ contains a hyperbolic element γ. LetC be the geodesic in B n invariant under γ. Assume that the endpoints X and Y of this geodesic in ∂B n are real. The vectors X 1 and Y 1 are eigenvectors of γ with eigenvalues λ and 1/λ respectively, for some λ ∈ R (λ = 0, ±1). Assume that γ is not a power of any other element in Γ. Also assume that λ 2 > 1 (if λ 2 < 1, then we can replace γ by γ −1 ). The automorphism of B n ∪ ∂B n defined by the matrix
where v j are the first n − 1 eigenvectors of γ, chosen as described earlier, maps (0, ..., 0, 1) to X, maps (0, ..., 0, −1) to Y , and mapsC 0 toC. The automorphism
This follows from (1), (3), (7), and the assumption that X and Y are real.
Denote by C the simple closed geodesicC/ γ in M. We have:
and therefore the hyperbolic length l(C) of C satisfies
It follows that that
Denote by K M the canonical bundle on M and denote by K B n the canonical bundle on B n . The complex vector space
This complex vector space has an inner product defined by
⊗k , where f : B n → C is holomorphic and such that
Denote the space of holomorphic functions on B n that satisfy (11) byH
The following statement will be useful.
Lemma 3.2. Suppose f is a holomorphic function on B n that satisfies (11). Then the function f (z)K(z, z)
Proof. It is sufficient to show that J(γ, z) is real-valued for all z ∈C (then the statement follows from (4) and (11)). For z ∈C, by (2)
where
The statement now follows from Remark 3.1, (1), and (8). For w ∈ B n , k ≥ 2, the series 
w ) = g(w) (this follows from (4) and (5)).
The 1-form ϕ(z) = K(z, z) 1 n+1 dz n , restricted toC 0 , is γ 0 -invariant (this follows from (1), (4), (8)). Then the 1-form (A −1 γ ) * ϕ, restricted toC, is γ-invariant, and thus descends to C. Since
Define the function Θ
It is a holomorphic function, and, moreover, Θ
C is not identically zero for sufficiently large k. 3.2. Additional remarks. To put the concepts from subsection 3.1 in a more general context, we will now offer some remarks.
First, there is a standard way of associating a section of a line bundle to a compact Bohr-Sommerfeld Lagrangian submanifold of a compact Kähler manifold (the Hermitian holomorphic line bundle is related to the Kähler form by requiring that the curvature of the Chern connection is −i times the Kähler form). For the k-th power of the line bundle, as k → ∞, the square of the norm of this section is asymptotic to const·k n 2 , where n is the complex dimension of the manifold [BPU] . The same procedure can be applied to isotropic submanifolds. The closed geodesic C is an isotropic submanifold of M, and it is also is a Bohr-Sommerfeld set in M (in the terminology of [BGW, p.1271] ). The expression (10) represents the pointwise Hermitian inner product in the holomorphic Hermitian line bundle K M . The Chern connection ∇, in a local holomorphic frame e(z), is given by the 1-form Θ = ∂ log e(z)e(z) K(z,z) . Denote by ι : C → M the inclusion map. Now we will define a covariant constant section τ of ι * K * M C
(existence of such τ means that a Bohr-Sommerfeld condition is satisfied).
Because of Lemma 3.2, the equation (16) defines a section of ι * K * M C
. To verify that it is covariant constant (i.e. ∇ * τ = 0 over C, where ∇ * is the connection in K * M ), we do this calculation: in a local holomorphic frame e(z) for K M , for a holomorphic section s of K M represented locally by ψ(z)e(z) where ψ is a local holomorphic function, for z ∈C
since ∂ log e = d log e (because e is holomorphic) and ∂ log K(z, z)
We have continuous linear functionals on
By Riesz representation theorem, there are unique elements s
Because of (13), (15), the element ofH
⊗k is the Γ-invariant holomorphic section of K ⊗k B n that is associated to C, an isotropic submanifold of M satisfying a Bohr-Sommerfeld condition.
Second, from the perspective of automorphic forms in several complex variables, the function Θ (k) w is a Poincaré series, and the function Θ (k) C is a relative Poincaré series. Indeed,
Relative Poincaré series associated to closed geodesics in ball quotients have been previously studied in [Ka, KaM] and [BPU] for n = 1 (for compact Riemann surfaces of genus g ≥ 1), and for n ≥ 1 in the publications [FK1, FK2] co-authored by S. Katok and T. Foth (T. Barron) . A somewhat tedious calculation shows that Θ (k)
C is equal, up to a nonzero constant depending on n, k, X, Y , to the function
k when (n + 1)k is an even integer (so, n is odd or k is even). The relative Poincaré series P
C were used in [FK1] and [FK2] to address the spanning question for the space of cusp forms. We study a different question, about the asymptotics of the inner products. The normalizing factor in the definition of Θ 
where the line integral
is over the segment ofC 0 that connects 0 and γ 0 (0). Using (2), (4), (12), (14), and Remark 3.1, we get:
We will show that |J 1 (k)| is rapidly decreasing as k → ∞. We have:
Since Γ is discrete, there is δ 0 > 0 such that the hyperbolic distance between hw and ξ is not less than δ 0 (for all w ∈C 0 on the segment between 0 and γ 0 (0) and all h ∈ A −1
Then in the integral above, for k ≥ 3, We get: √ 2π
(n + 1)k − 2 ln |λ|.
Then, using (6), we get: C ) = J 1 (k) + J 2 (k), |J 1 (k)| is rapidly decreasing as k → ∞, and J 2 (k) is equal to n! π n 2 n+1 , times c(B n , k), times an integral. Multiplying (6) and the asymptotic expansion for the integral (taking into account the first two terms from the Laplace method), we obtain the conclusion.
Remark 3.6. Theorem 3.3 does not follow from the theorems in [AB] related to submanifolds of the ball.
